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Abstract
Axiom of Choice : AC
AC : Given an infinite family (Ai)i∈I of non-empty sets, the product∏
i∈I
Ai is non-empty.
We work in set theory without the Axiom of Choice ZF. Consider the
following Tychonov axiom, a weak form of the Axiom of Choice:
Tychonov Axiom : T2
T2 : The product of a family of compact Hausdorff spaces is compact.
We prove the following result :
Theorem 1 (in ZF , T2 implies the following statement PS)
PS : For every Riesz vector space E (over R) with an order unit e, and
every a ∈ E+, there exists a pure state f on E such that f (a) = ||a||e .
Remark : the converse statement PS⇒ T2 also holds in ZF .
2/15 Martine BARRET Pure states and the Axiom of Choice
Ideals in ordered vector spaces
Let E be an ordered vector space over R.
A vector subspace F of E is order-convex if for every v ,w ∈ F
[v ,w ] ⊆ F where [v ,w ] := {x ∈ E , v ≤ x ≤ w}
If F is an order-convex subspace of E and can : E −→ E/F
x 7−→ x + F
then can[E+] is a proper convex cone of E/F and E/F becomes an
ordered vector space.
An order-convex vector subspace I is an ideal of E if it is directed i.e.
∀u, v ∈ I ∃w ∈ I (u ≤ w and v ≤ w)
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Order unit
Let E be an ordered vector space over R.
An element e ∈ E \ {0} is an order unit of E if :
∀x ∈ E ∃t ∈ R − te ≤ x ≤ te
For an order unit e : e ∈ E+ or −e ∈ E+.
To an order unit e ∈ E+ we associate a semi-norm || ||e defined by :
∀x ∈ E , ||x ||e := inf{t ∈ R+,−te ≤ x ≤ te}
Throughout this presentation, all ordered vector spaces with an
order unit e will be endowed with the associated semi-norm || ||e .
The semi-norms associated to two positive order units are
equivalent: they define the same topology on E .
Lemma 1
The set of order units is open : if e ∈ E+ is an order unit and z ∈ E
such that ||z − e||e < 1 then z is an order unit.
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Properties
Let E be an ordered vector space with an order unit e ∈ E+.
Properties
If a ∈ E , we define the following subset of R :
Se(a) := {λ ∈ R, λ.e − a is not an order unit }.
Se(a) is :
closed because λ ∈ R 7→ λe − a ∈ E is continuous.
bounded by ||a||e (use Lemma 1).
nonempty: λe(a) := ||a + ||a||e .e||e − ||a||e ∈ Se(a).
Remark : The product
∏
a∈E
Se(a) is nonempty.
Lemma 2
If E is archimedean and a ∈ E, then λe(a).e − a ≥ 0.
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Riesz spaces
Definition
A Riesz space E is an ordered vector space in which every pair of
elements in E has a supremum.
Let E be a Riesz space with an order unit e ∈ E+. If I is an ideal of E ,
then the ordered vector space E/I is also a Riesz space.
Lemma 3 (Ideals in Riesz spaces)
If I is a proper ideal of E then I (with regard to the topology associated
to the semi-norm || ||e) remains a proper ideal of E .
Definition
In a Riesz space E , an intersection of ideals is an ideal, then one can
define the ideal (A) generated by a subset A of E as the intersection of
all ideals of E including A.
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Riesz spaces generated by a subset
Definition
A vector subspace F of E is a Riesz subspace of E if for every pair of
elements u, v of F , the supremum of u and v taken in E belongs to F .
If A is a subset of the Riesz space E , the Riesz subspace Ri(A) generated
by A is the intersection of all Riesz subspaces including A. Notice that
Ri(A) =
⋃
n∈N
An where :
A0 = A.
For all n ∈ N, An+1 = Span{An ∪ {a+, a ∈ An}}.
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Separability of Ri(A) when A is countable
Lemma 4 (Separability)
Let A be a finite or countable subset of a Riesz space E with an order
unit e ∈ E+. With regard to the semi-norm || ||e , the Riesz subspace
Ri(A) generated by A is separable i.e admits a dense countable subset.
Proof:
Consider B0 = A.
For all n ∈ N let Bn+1 := SpanQ(Bn ∪ {b+, b ∈ Bn}) (countable).
Let D :=
⋃
n∈N
Bn.
Since for all n ∈ N, a one-to-one mapping jn : Bn → N is explicitly
known, then D is countable. Finally D is dense in Ri(A).
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Maximal ideals
Lemma 5
Let I be a closed ideal of an archimedean Riesz space E with an order
unit e ∈ E+. Assume that D is a dense subset of E and I not maximal.
1 Then there exists z ∈ D such that z /∈ Re (in the quotient E/I) i.e
∀λ ∈ R, I ( (I, λe − z).
2 If λ ∈ Se(z) is such that λ.e − z ≥ 0, then (I, λe − z) ( E.
Proof:
1 Re is closed in the normed space E/I. Since can[D] is dense in E/I
and (E/I \ Re) 6= ∅, then can[D] ∩ (E/I \ Re) 6= ∅.
2 Let λ ∈ Se(z) is such that λ.e − z ≥ 0 (exists thanks to the Lemma
2): if (I, λe − z) = E , then there exists i ∈ I, t ∈ R+ such that
e ≤ i + t(λe − z). Thus, e ≤ t(λe − z) and λ /∈ Se(z).
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Existence of maximal ideals in separable case
Theorem 2
Let E be an archimedean Riesz space with an order unit e. If E is
separable then E has a maximal ideal.
Proof:
Let D := {dn, n ∈ N} be a dense subset of E .
We construct a sequence (In)n∈N of closed proper ideals of E :
I0 := {0}.
If In is maximal, let In+1 := In.
Otherwise, take with Lemma 5, the first integer kn such that
dkn
n
/∈ Ren (where zn = z + In is the class of z modulo In).
Thanks to Lemma 2, we can choose λe(dkn ) ∈ Sen (dkn
n) such that
λe(dkn ).e − dkn ≥ 0. Then let In+1 := (In, λe(dkn )e − dkn ): it is
proper (thanks to Lemmas 5 and 3) and In ( In+1 (Lemma 5).
Consider I :=
⋃
n∈N
In: then I is a proper ideal of E . It is a maximal
ideal: if (In)n∈N is eventually constant, I is clearly maximal.
Otherwise, if I wasn’t maximal, let j be the first integer such that
dj
I
/∈ ReI . The element dj was not used during the sequence’s
construction, then we can’t use it now.
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Maximal ideals / Riesz forms
A Riesz form on a Riesz space E is a linear functional f : E → R such
that for every x ∈ E , f (|x |) = |f (x)|.
Theorem [2, p.155]
Let E be a Riesz space with an order unit e ∈ E+.
If J is a maximal ideal of E then E/J = Re i.e
∀f ∈ E ,∃!α ∈ R, f − αe ∈ J .
Consider the mapping πJ : E → R defined by ∀f ∈ E , πJ(f ) = α
(where α is the unique real number such that f − αe ∈ J). The
mapping πJ is a Riesz morphism and π(e) = 1.
Proof (sketch of [2, p.155]): E/J has nonzero elements but no
non-trivial ideals. If u ∈ E+ \ J , u is an atom thus is discrete since E/J
is archimedean. So E/J consists of all real multiples of e.
Corollary 1 (in ZF )
Let E be a separable archimedean Riesz space with an order unit e ∈ E+
and a ∈ E. There exits a Riesz form π : E → R such that π(|a|) = ||a||e
and π(e) = 1.
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Generalization
Theorem 3 (T2 implies the following statement)
Let E be an archimedean Riesz space with an order unit e ∈ E+. Let
a ∈ E \ {0}. There exists a Riesz form π : E → R such that
π(|a|) = ||a||e and π(e) = 1.
The subspace K := {f ∈ RE ,−||x ||e ≤ f (x) ≤ ||x ||e} is compact (use
T2).
Let G be a finite subset of E containing |a| and e : the set FG of
elements f ∈ K such that f is linear on Span(G), for every x ∈ Span(G)
f (|x |) = |f (x)|, f (e) = 1 and f (|a|) = ||a||e is a closed subset of the
compact K .
Then, the family of closed sets (FG)G has the finite intersection property.
If G1, ...,Gn are finite subsets of E containing |a| and e, notice that
FG1∪...∪Gn ⊆ FG1 ∩ ... ∩ FGn and apply the Theorem 1 to the archimedean
separable Riesz subspace V generated by G1 ∪ ... ∪ Gn. Since K is
compact,
⋂
G
FG is non-empty: there exists a Riesz form π : E → R such
that π(e) = 1 and π(|a|) = ||a||e .
12/15 Martine BARRET Pure states and the Axiom of Choice
Pure states in ordered vector space with an order unit
Definitions
A linear functional f on an ordered vector space E is positive if
f [E+] ⊆ R+. If f , g are two linear functionals, we note g ≤ f if
f − g is positive.
A state on an ordered vector space E endowed with an order unit
e ∈ E+ is a positive linear functional f : E → R such that f (e) = 1
(thus f is continuous because for every ε > 0,
−(||x ||+ ε)e ≤ x ≤ (||x ||+ ε)e and ||f ||e = 1 ).
The state f is a pure state if for every positive linear functional
g : E → R, (g ≤ f ⇒ ∃t ∈ R+g = tf ).
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Lemma 6 (see[1])
Let E a be Riesz space with an order unit and f a state on E. If f is a
Riesz morphism then f is a pure state.
Proof : If g : E → R is a positive linear functional such that g ≤ f . Let
a ∈ ker(f ). If a is positive (or negative) it’s clear that a ∈ ker(g).
Otherwise, a = a+ − a−, thus :
|g(a)| ≤ |g(a+)|+|g(a−)| = g(a+)+g(a−) ≤ f (a++a−) = f (|a|) = |f (a)| = 0
Thus a ∈ ker(g).
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Proof of PS
Theorem 4 (T2 implies the following statement)
PS : Let E be a Riesz vector space with an order unit e ∈ E+. If
a ∈ E+, there exists a pure state f such that ||a||e = f (a).
Proof : it follows immediately from Theorem 3 and Lemma 6.
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